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Burada birinci tartib elliptik tip yUklonmis tonlik U¢lin kvadratda geyri-lokal sarhad
sarti daxilinda masalaya baxilmigdir. Kogi-Riman tonliyinin fundamental hallinin kémayils zo-
ruri sartlor almmusdir.Bu zaruri sartlor 6ziinda sinqulyariiq saxlayw. Verilmis sarhad sortlo-
rindan istifada etmoklo zoruri sortlor requlyarlasdirilr. Alinan requlyar ifadalar verilmis sor-
had sartlarine gatilmaqla axtarilan funksiyanin sarhad qiymatlori Gciin ikinci név Fredholm
tipli, nlivasinda sinqulyarlig olmayan integral tonliklor sistemi alimir. Bununla da, qoyulmus
masalonin Fredholmlugu isbat olunur. Masalanin halli isa asas munasibatdon alinir. Nahayat,
qoyulmug masalo diskretlagdirilorak iki test masalasinag baxilir.

Acar sozlar: Kosi-Riman tanliyi, yiklonmis tonlik, geyri-lokal sarhad sorti

Kosi-Riman tanliyi birinci tortib elliptik tip tonlik oldugundan bu tonlik
ticiin lokal sortlorin verilmoasi magsadsuygun deyil. Ona gors kvadratda baxilan
bas hissasi Kosi-Riman olan yuklonmis tonlik Uglin sorhod sorti geyri-lokal
verilocokdir. Kosi-Riman tonliyi ticlin sorhodi hamar olan ixtiyari oblastda gey-
ri-lokal sarhad sorti daxilindos masals yaxsi aragdirilmigdir [1], [2]. Hamin ton-
lik Uciin spektral masalo [3], Steklov masalasi [4] vo tars masals [5] arasdiril-
misdir. Burada kvadratda baxilan masals U¢lin iki testo baxilmigdir.

1.Masalanin qoyulusu: asagidaki kimi mosaloys baxaq.

—4+i——+u( u0 )= x D==( , ): 01, (O}

tonliyinin
u( ,0)+u( 1= (),
u@, )+u@, )= () , (1.2)



sorhad sortlori daxilinds holli arasdirilir.Burada i= ~— , f(x), ( ), ( )
kasilmoaz funksiyalardir. Moalumdur ki, Kosi-Riman tanliyinin fundamental
halli [6]

U-d=— ——— (13)
soklindadir.

9sas munasibatin alinmast: Verilmis (1.1) tonliyini (1.3) fundamental
hallina vurub D kvadrat1 Gizra integrallayaq.

—Ux-9d  +i —Ux-9d +

+ Ux-9d -

= : (1.4)
Aldigimiz (1.4) ifadasinds sol torafds olan birinci vo ikinci inteqrallari

asagidaki kimi ¢evirak:

—U(x-9d  =u(x)U(x-4)l - —d
—U(x-dd =u(x)U(x-9)| - —d
Bu ifadalori (1.4)-dos yerino yazsaq alariq:

U( )—u( - U( )d -+
+i U( )—u( )U( )d  +
+ Ux-9d -
= dx= (x-&)dx=

= (1.5)

Bu asas minasibatds ikinci ifadslor zoruri sartlordir.Bunlari ayiraq:

W )= — ,
W)= - —
W )= — ,

burada (...) ilo sinqulyar olmayan hadlorin comi isars edilmisdir. Sarhod
sortlorindon istifado etmoklo bu sinqulyarliglari requlyarlasdiraq. Asagidaki
Kimi xotti kombinasiyalara baxagq.

-u( )+ u( == — N (1.6)



u@, )+u(d, )=— ——-d N (1.7)

Alman (1.6),(1.7) requlyar ifadolor verilmis (1.2) sorhad sortlorinag
qatilmaqgla axtarilan funksiyanin sorhod giymatlori tiglin asagidaki tonliklor
sistemi alinir:

u( ,0+u(C )= (),

-u¢ )+ )= — ,
u0, )+u@, )= (), (1.8)
-u(0, )+u(l, )=- ——d

Belaliklo, asagidaki hokmii almis olurugq.
Teorem 1 Verilmis (1.1)-(1.2) sorhad masalasinds f(x) x D-ds kasilmaz,
( yvo () [0,1], oldugda kasilmoz diferensiallanan olub,
0)= (1)=0, (0)=  (1)=0 sortlori 6donilirsa, onda (1.8) soklinds ali-
nan dord ifads requlyardir.
Aldigimiz (1.8) sistemi asanligla ikinci név Fredholm tipli normal so-
Killi, nlvalarinds sinqulyarliq olmayan inteqral tonliklor sistemina gatirilir.

u( ,1)= +—
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+ , (1.9)
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, (1.10)

u(d, )= + d
+
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i U( )d i
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u@©, )=—— — ——d
i U( )d i
U( )d

(1.12)

Belaliklo,asagidaki hokmii almis olurugq:

Teorem 2: Teorem 1-in sortlori daxilinds verilmis (1.1)-(1.2) sorhad
mosoalasi Fredholm tiplidir.

Bu o demokdir Ki, (1.1)-(1.2) masalosi namalum funksiyanin sarhod
giymatlorina noazoron (1.9)-(1.12) kimi ikinci név Fredholm tipli integral
tonliklor sistemina gatirilir.Bu sistemin niivalarinds sinqulyarliq yoxdur.

Yuxarida gostorildiyi kimi, Kosi-Riman tanliyi ti¢tin muxtalif masalalars
baxilmis vo onlarin fredholmlugu gostorilmisdir|7].

Indi iso (1.1)-(1.2) masaloasinin tagribi hollinin tapilmast ilo masgul olagq.

Bunun ii¢iin baxilan oblast1 sabakaya boliib, verilmis masaloni Xatti cabri
tonliklor sistemina gotirmoklo kompditerds hall edacayik. Baxilan masalalor test
oldugundan, dagiq hall malumdur. Ona goéra xotta t¢uin dagiq ifado alinmigdir.

2.Taqribi hall

Masala 1: BirD={x=( , ): [0,1], [0,1]} kvadratinda h=0.2
gotirmaklo D kvadrati 25 kvadrata boliiniir. Burada comi 36 duyun noqtasi



istirak edir. Demoli, diskretlosdirmodo 36 mochul istirak edir. Kosi-Riman
tonliyi tgun

kj+1
k.j k+1,j
sablonundan istifads edildiyi tgin (1.1) tonliyinds
ut , )=, = : = : (2.1)
ifadalorini gobul etsok :
oo =(1H) + o+ kjE (22)

kimi 25 xatti cobri tanlik, (1.2) sarhad sortlarindan isa

+ = k=

+ = ’ j:_- (2.3)
kimi 12 xotti cabri tonliklor sistemi almis oluruq. Bu 12 xatti cabri tonliklor
sistemi Xotti asili oldugundan ( Vo iclin uzlagma sortindon

goriiniir) onlardan biri atilir. Belaliklo, 36 mochul va 36 xotti cobri tonliklor
sistemi alinir. Biz burada

f(x)= :
=2 +1+
=2 +1+i
olduglarini1 gobul edirik.Alinan testin daqiq halli u(x)= +i Kimidir.

Asagidaki kimi igsaralomoalor aparsaq :

A= :
burada (k= ) 9 9 tortibli matrislor olub, sifirdan forgli elementlori
asagidaki kimidir
=-1-i =-1-i-h, k= ; =-1-i+h; =-1-i, k=7,8;
=1,k= ; =1, k=67 =ik= ;  =hk=
=-h k=" ;  =hk=
=i, k=1,2; =i, k=" =1,k=12; =-1-i;
=0, =0,
=-h; =h; =-h k= ; =-h, k=1,2;
=-1-i, k=1,2; =1, k=1,2; =-1-i+h; =h, k= ;
=1, k= ; =i, k=1,2; =-1-i, k= ;



=-h k= ; =1, k=6,7; =1;
=h,k=1,2; =-1-i, k=1,2; =1,k=1,2; =-1-i+h;
=hk=; =1k=34; =-1-i,k=4,5;
=i, k= =i, k=1,2; =1k= ; =-1-i k=1,2;
=1k= ;
=1, =1,
=1; =1k=2,3;
=1lk= ; =1
B=
Va
X=( 5 5 s

oldugunu qgabul etsak, onda (2.2)-(2.3) xatti cabri tonliklor sistemini

AX=B (2.4)
kimi yaza bilorik. Burada T ilo vektorun transponirs olunmasi gostorilmis-
dir. Tonliklor sisteminin komplterds halli asagidaki ifadoni vermis olur.
X=(0.0083 - 0.0251i; 0.1208 - 0.0647i; 0.2719 - 0.0478i; 0.4746 - 0.0376i;
0.7265-0.0038i; 0.9917 + 0.0251i; 0.0478 + 0.0874i; 0.0959 + 0.0319;;
0.2572 + 0.0543i; 0.4383 +0.0730i; 0.7018 + 0.0858i; 1.0322 + 0.1126i;
0.2009 + 0.1354i; 0.1631 +0.1385i; 0.3314 +0.1345i; 0.5205 + 0.1952i;
0.7768 + 0.2404i; 1.1191 +0.2646i; 0.4057 +0.1042i; 0.3671 + 0.1628i;
0.4741 + 0.2294i; 0.6807 +0.3167i; 0.9647 + 0.4136i; 1.3143 + 0.4958i;
0.6812 + 0.0730i; 0.6267 +0.2229i; 0.7164 + 0.3428i; 0.9155 + 0.4670i;
1.2209 + 0.5950i, 1.5988 +0.7270i, 0.9917 + 0.0251i, 0.9592 + 0.2647i,
1.0481 + 0.4478i; 1.2454 +0.6376i; 1.5535 +0.8038i; 2.0083 + 0.9749i
alariq.

Belalikla, xata Giclin cadvalda gostarilon naticani aliriq.
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Ne Nogta Hallin daqiq Hallin tagribi Xota
giymatlari giymatlari
1 (0,0) 0 0.0083 - 0.0251i 0.0083 - 0.0251i
2 (0,0.2) 0.04 0.1208 - 0.0647i 0.0808-0.0647i
3 (0,0.4) 0.16 0.2719 - 0.0478i 0.1119-0.0478i
4 (0,0.6) 0.36 0.4746 - 0.0376i 0.1146- 0.0376i
5 (0,0.8) 0.64 0.7265-0.0038i 0.0865- 0.0038i
6 (0,1) 1 0.9917 + 0.0251i -0.0003+ 0.0251i
7 (0.2,0) 0.04 0.0478 + 0.0874i 0.0078+ 0.0874i
8 (0.2,0.2) 0.08+0.04i 0.0959 + 0.0319i 0.0159-0.0081i
9 (0.2,0.4) 0.2+0.08i 0.2572 + 0.0543i 0.0572-0.0257i
10 | (0.2,0.6) 0.4+0.12i 0.4383 + 0.0730i 0.0383-0.047i
11 | (0.2,0.8) 0.68+0.16i 0.7018 + 0.0858i 0.0218-0.0742i
12 (0.2,1) 1.04+0.2i 1.0322 +0.1126i -0.0078-0.0874i
13 (0.4,0) 0.16 0.2009 + 0.1354i 0.0409+ 0.1354i
14 | (0.4,0.2) 0.2+0.08i 0.1631 + 0.1385i -0.0369+0.0585i
15 | (0.4,0.4) 0.32+0.32i 0.3314 + 0.1345i 0.0114-0.1855i
16 | (0.4,0.6) 0.52+0.24i 0.5205 + 0.1952i 0.0005-0.0448i
17 | (0.4,0.8) 0.8+0.32i 0.7768 + 0.2404i -0.0232-0.0796i
18 (0.4,1) 1.16+0.16i 1.1191 + 0.2646i -0.0409+0.1046i
19 (0.6,0) 0.36 0.4057 + 0.1042i 0.0457+ 0.1042i
20 | (0.6,0.2) 0.4+0.12i 0.3671 + 0.1628i -0.0329+0.0428i
21 | (0.6,0.4) 0.52+0.24i 0.4741 + 0.2294i -0.0459-0.0106i
22 | (0.6,0.6) 0.72+0.72i 0.6807 + 0.3167i -0.0393-0.4033i
23 | (0.6,0.8) 1+0.48i 0.9647 + 0.4136i -0.0353-0.0664i
24 (0.6,1) 1.36+0.6i 1.3143 + 0.4958i -0.0457-0.1042i
25 (0.8,0) 0.64 0.6812 + 0.0730i 0.0412+ 0.0730i
26 | (0.8,0.2) 0.68+0.16i 0.6267 +0.2229i -0.0533+0.0629i
27 | (0.8,0.4) 0.8+0.32i 0.7164 + 0.3428i -0.0836+0.0228i
28 | (0.8,0.6) 1+0.48i 0.9155 + 0.4670i -0.0845-0.013i
29 | (0.8,0.8) 1.28+0.64i 1.2209 + 0.5950i -0.0591-0.045i
30 (0.8,1) 1.64+0.8i 1.5988 +0.7270i -0.0412-0.073i
31 (1,0) 1 0.9917 +0.0251i -0.0083+0.0251i
32 (1,0.2) 1.04+0.2i 0.9592 + 0.2647i -0.0808+0.0647i
33 (1,0.4) 1.16+0.4i 1.0481 + 0.4478i -0.1119+0.0478i
34 (1,0.6) 1.36+0.6i 1.2454 + 0.6376i -0.1146+0.0376i
35 (1,0.8) 1.64+0.8i 1.5535 + 0.8038i -0.0865+0.0038i
36 (1,2) 2+i 2.0083 +0.9749i 0.0083-0.0251i
Masala 2:
e —=0, , k=1,2 (2.5)
tonliyini
u(t,0)=3u(t,1)+2 -3-6ti,
u(0,)=2u(L,t)- +2-4ti, t (2.6)
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sarhad sartlori daxilinds tagribi hall edok. Tanliyin daqiq halli

u(x)= +2i (2.7)
soklindadir.
Addimi h=1 gobul edib, masalani diskretlosdirak:
+i =(1+i) ,m=0,n=0,

+Hi =(1+i) :

=3 -3, (2.8)

=2 +2,

=2 +1-4i.

(2.5)-(2.6) sarhad masalasi (2.8) Xatti cabri tonliklor sistemins gatirilir.(2.8)
xatti cabri tonliklor sisteminin halli vo uygun noqtalords hallin dagiq giymatlori
asagidaki codvalds verilmisdir.

Ne Noqta Hallin daqiq Hallin tagribi Xata
giymatlari giymatlari
1 (0,0 0 0.24-1.68i 0.24-1.68i
2 0,) 1 1.08-0.56i 0.08-0.56i
3 (1,0 -1 -0.88-0.84i 0.12-0.84i
4 (1,1 2i 0.04+1.72i 0.04-0.28i
ODOBIYYAT
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IT'PAHUYHASA 3AJAYA 3ATPYKEHHOT'O YPABHEHUSA C HEJTOKAJIBHBIMU
I'PAHUYHBIMHU YCJIOBUAMMU, IN'TABHAA YACTHh KOTOPOI'O YPABHEHUE
KOIIIN-PUMAHA U NPUBJIN/KEHHOE PEIIEHUE

H.A.AJIMEB, U.M.TATUEBA
PE3IOME

B wmznaraemoli paboTe paccMOTpeHa rpaHHMYHAs 3aJada JJIsl SJUTUNTHYECKOTO 3arpy-
JKEHHOTO YpaBHEHHs IEPBOT0O NOPsIIKA ¢ HEOKAJIbHBIMU TPAHUYHBIMHU yCIOBHUSMU B KBapaTe.
C nmomomipio (GyHIaMEHTAIBHOTO pemeHus ypaBHeHns Komm-Pumana mosrydeHsl HE0OXO0IH-
MBI€ yCIOBHUS, KOTOpPBIE COJEPKAT CHHTYJISIpHBIE ciaraeMble. VICIonb3ys JaHHBIE TPaHUYHBIE
YCIIOBUsI, HEOOXOOMMBIE YCIOBUS peryisipuzupyrorcs. OObeauHssl TpaHUYHBIE YCIOBUS C
MOJYYEHHBIMU PETYSIPHBIMU COOTHOILICHUSIMH, TOTy4aeM CHCTEMY MHTETPaJIbHbIX ypaBHECHUN
Buaa @OpearoabmMa BTOPOrO POAA OTHOCUTEIHHO TPAHUYHBIX 3HAUCHHUH, SAPO KOTOPHIX HE CO-
JICP)KUT CHHTYISIPHOCTH. TakuM 00pa3om, jgokasbiBaercsit OpenroibMOBOCTh MOCTABICHHOM
3anaun. Jlanee, peleHue MoCTaBICHHON MPaHUYHOW 3aJadd MOIy4aeTcsl U3 OCHOBHOTO COOT-
HOLIeHMs. B KOHIE mepexofs K YUCICHHOMY PEIICHUIO TMOCTABICHHOHN 3a/a4d, paccMaTpH-
BaeTcs JBa TECTOBBIX NPUMeEpa.

KroueBsie cinoBa: ypasHenue Komu-Pumana, 3arpykeHHOe ypaBHEHHE, HEJIOKaJIbHbIE
TpaHWYHBIC YCIIOBUSI.

NON-LOCAL BOUNDARY-VALUE PROBLEM FOR A LOADED EQUATION WITH
CAUCHY-RIEMANN EQUATION IN ITS PRINCIPAL PART
AND ITS APPROXIMATE SOLUTION

N.A.AALIYEV, LM.TAGIYEVA
SUMMARY

In the paper we consider a problem for a first order elliptic loaded equation containing
non-local terms in the boundary condition in a square domain. The necessary conditions are
obtained by means of the fundamental solution of Cauchy-Riemann equation. These necessary
conditions have singularity. Using the given boundary conditions, the necessary conditions are
regularized. Combining the obtained regular expressions with the boundary conditions, the
system of the Fredholm type integral equations of the second kind is obtained with respect to
the boundary values of the unknown function with no singularity in the kernels. So, the
Fredholm property of the considered problem is proved. The solution of the considered
problem is found from the basic relationships. Finally, discretisizing the considered problem
two test problems are solved.

Key words: Cauchy-Riemann equation, loaded equation, non-local boundary conditions
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